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COMMENT

Comment on a theorem of Hojman and its generalizations

T Pillay and P G L Leach†
Department of Mathematics and Applied Mathematics, University of Natal, Private Bag X10,
Dalbridge 4014, South Africa

Received 1 August 1996

Abstract. An invariant derived using Hojman’s conservation law is shown to be trivial for all
Noether symmetries.

The traditional approaches to the problem of finding conserved quantities of systems of
equations may be divided into those which use symmetry methods, such as the Lie or
Noether approach, and those which do not, such as the direct method. This division is
somewhat artifical since all of these methods share an underlying symmetry basis. Still, it
remains true that this is more explicit in some cases than in others.

Our concern in this comment lies with those methods which use symmetries explicitly.
A new conservation law based solely on the existence of symmetries has been presented by
Hojman [1], and subsequently generalized by González-Gasćon [2] and further by Lutzky
[3]. Lutzky uses this theorem to derive an invariant for the case where a Lagrangian
does exist. We demonstrate that this invariant is trivial if the symmetry used is a Noether
symmetry. This has important practical implications for the use of this theorem.

We begin by briefly outlining the use of symmetry methods to find invariants. Neither
the Lie method nor the use of Noether’s theorem provides a definitive answer to this problem.
Noether’s theorem has the advantage that once one has found a (Noether) symmetry the
first integral follows easily. The Lie approach generally yields more symmetries and hence
the potential for more first integrals. For annth order scalar equation the Noether approach
produces one integral per symmetry. The Lie approach, on the other hand, produces
(n−1) integrals per symmetry. However, the calculation of these first integrals is decidedly
nontrivial [4].

The common area for the Lie and Noether approaches is found in point symmetries.
Moving away from this we obtain, in the Lie case, contact symmetries. In the Noether
case we have no such restriction. We can obtain velocity-dependent symmetries of any
order. Thus higher-order Lagrangians give rise to higher-order Noether symmetries, but the
application of the Lie theory to the corresponding equations of motion is restricted to point
or contact symmetries.

The most general form [3] of the conservation theorem first presented by Hojman [1]
may be stated as follows. Let the functionsηl(x, y, y ′) determine a symmetry generator
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G = ηl∂/∂yl+η′
l∂/∂y ′

l for the equations of motiony ′′
l = αl(x, y, y ′); if a functionλ(x, y, y ′)

can be found such that the quantity

� = ∂αl

∂y ′
l

+ d

dx
logλ (1)

is an invariant of the symmetry group, then a constant of the motion is given by

φ = 1

λ

∂

∂y
(λn) + 1

λ

∂

∂y ′ (λη′). (2)

Note that the statement of the theorem immediately excludes contact symmetries since
these require that the coefficient of∂/∂x in the generator be nonzero. Further, Hojman
shows that if the transformationη is a point transformation then the invariant is trivial.

We now show that this invariant is trivial ifη represents a Noether transformation. The
proof is for the one-dimensional case, but it generalizes easily to higher dimensions. If a
Lagrangian exists (as we require to apply Noether’s theorem), then it can be shown quite
generally that [5]

∂αl

∂y ′
l

+ d

dx
(logD) = 0 (3)

where D is the Hessian ofL with respect to the velocities. We may chooseλ = D

and so� = 0 which satisfies the condition of Hojman’s theorem. The condition for the
η∂/∂y + η′∂/∂y ′ to be a Noether symmetry is [6]

η
∂L

∂y
+ η′ ∂L

∂y ′ = f ′(x, y, y ′) (4)

whereL is the Lagrangian andf an arbitrary function. Separating outy ′′ terms in (4) we
obtain the following conditions

η
∂L

∂y
+

(
∂η

∂x
+ y ′ ∂η

∂y

)
∂L

∂y ′ = ∂f

∂x
+ y ′ ∂f

∂y
(5)

y ′′ ∂η

∂y ′
∂L

∂y ′ = y ′′ ∂f
∂y ′ . (6)

From (6)

f = η
∂L

∂y ′ −
∫

η
∂2L

∂y ′2 dy ′ + c(x, y).

Let

ν =
∫

η
∂2L

∂y ′2 dy ′. (7)

Differentiation of (7) with respect toy ′ gives

η = 1

λ

∂ν

∂y ′ (8)

whereλ = D = ∂2L/∂y ′2. Substitution forη in (5) gives, after some simplification, the
following equation forν:

∂ν

∂x
+ y ′ ∂ν

∂y
+ ∂ν

∂y ′

(
1

λ

∂L

∂y
− 1

λ

∂2L

∂x∂y ′ − y ′

λ

∂2L

∂y∂y ′

)
= 0. (9)
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The Euler–Lagrange equation gives
∂L

∂y
= d

dx

∂L

∂y ′

= ∂2L

∂x∂y ′ + y ′ ∂2L

∂y∂y ′ + y ′′ ∂
2L

∂y ′2

= ∂2L

∂x∂y ′ + y ′ ∂2L

∂y∂y ′ + y ′′λ. (10)

Substituting (10) in (9) and simplifying we obtain
∂ν

∂x
+ y ′ ∂ν

∂y
+ y ′′ ∂ν

∂y ′ = 0

that is,

ν ′ = 0. (11)

From (8)

λη = ∂ν

∂y ′ . (12)

Taking total derivatives on both sides of (12), and making use of (11) and the identity
d

dx

∂

∂y ′ A − ∂

∂y ′
d

dx
A = −∂A

∂y
− ∂α

∂y ′
∂A

∂y ′

for all functionsA(x, y, y ′) [1], we obtain

λ′η + λη′ = −∂ν

∂y
− ∂ν

∂y ′
∂α

∂y ′

λη′ = −∂ν

∂y
− ∂ν

∂y ′
∂α

∂y ′ − λ′η

= −∂ν

∂y
− ∂ν

∂y ′
∂α

∂y ′ − λ′

λ

∂ν

∂y ′ .

From (1), with� = 0 we have that

λ′

λ
= − ∂α

∂y ′

and so

λη′ = −∂ν

∂y
. (13)

Substituting (12) and (13) into (2) we find that the invariant is

φ = 1

λ

∂2ν

∂y∂y ′ − 1

λ

∂2ν

∂y ′∂y
= 0. (14)

Thus this theorem gives trivial results for point, contact and Noether transformations. It
may still be useful if one is working with (non-Noether) generalized symmetries. However,
this leaves one with the problem of finding such generalized symmetries.
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